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The poss ib le  influence of a diffusive flow of a toms  (vacancies) on m a s s  d i sp lacement  in a 
solid undergoing a su r face  reac t ion  is  examined ana ly t ica l ly .  

In two e a r l i e r  p a p e r s  [1, 2] devoted to  exper imenta l  invest igat ions  into the h i g h - t e m p e r a t u r e  r eac t ions  
of carbon,  changes observed  in the dens i t ies  of the s amp le s  we re  at t r ibuted to  the occu r r ence  of a subs tan-  
t ia l  so l id -phase  diffusion of a toms  f r o m  the in te r io r  of the solid to  i ts  su r f ace .  The a toms  in the solid 
tended to  occupy la t t ice  vacanc ies  at the sur face  fo rmed  as  a r e su l t  of the reac t ion ,  while the vacanc ies  
t h e m s e l v e s  diffused into the i n t e r i o r .  

In th is  pape r  we shah  use  a ma themat i ca l  model  in o rde r  to elucidate the conditions under  which the 
diffusive flow of a toms  or  vacanc ies  m a y  make  a substant ia l  contr ibution to the loosening of a solid in the 
p r e s e n c e  of a sur face  r eac t ion .  

I t  i s  well  known [3] that  in r ea l  c r y s t a l s  at high t e m p e r a t u r e s  the ideal c rys t a l  s t ruc tu re  is  inevi tably  
d is tor ted  by defects  such as  vacanc ies  or  in te rs t i t i a l  a t oms  (the probabi l i ty  that  the l a t t e r  will occur  in 
c lose -packed  s t r u c t u r e s  fo rmed  by a toms  of a single type is p rac t i ca l ly  ze ro ) .  Sources  (or sinks) of 
vacanc ies  m a y  be provided e i ther  by the externa l  su r faces  of the sample  or  by defects  of va r ious  kinds in 
the  i n t e r io r  (dislocations,  po re s ,  e t c . ) .  The equi l ibr ium vacancy concentra t ion  c 0 i s  given by the equation 

In the absence  of equi l ibr ium,  the changes taking p lace  in the vacancy  concentrat ion with t i m e  a r e  due 
to diffusion, toge ther  with vacancy  sou rces  and s inks .  Subsequently we shall  cons ider  the diffusion equation 
in the  q u a s i - s t e a d y - s t a t e  approximat ion  * (3c/0f ~ 0), a s suming  that  the c h a r a c t e r i s t i c  t ime  of the p r o c e s s ,  
i . e . ,  the t i m e  requi red  fo r  an apprec iab le  loosening of the m a t e r i a l ,  i s  cons iderably  g r e a t e r  than T s (the 
x axis  is  d i rec ted  toward the in te r io r  of the solid): 

Dv d u  c - -  C o  (2) 
dx 2 T s ' 

where  D i s  the se l f -d i f fus ion coefficient  of the vacanc ies  
v 

Dv 1 ~ 1 6 2 } = -  exp [--  AUi 
6 "r s 6 x o [ k T  ' (3) 

while the re laxa t ion  t i m e  r s m a y  v a r y  over  a wide range  accord ing  to  the degree  of defec t iveness  of the 
c r y s t a l .  Thus if the vacancy  s inks a r e  po re s  of rad ius  r un i fo rmly  dis t r ibuted throughout the volume and 
lying an a v e r a g e  dis tance l apa r t ,  we have [4] 

* I f  we put tl  ~ l / m v 0  and Dvm >w0, in accordance  with (29) and (18) r e spec t ive ly ,  by using (9) and (19) we 
obtain r s / t  ~ < v0/w 0 << 1. 
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The boundary condition on the surface x = 0 may be obtained in the form 

dc 
w o (c - -  Co) - -  v o = D v (5) 

dx  

by genera l iz ing  the cor responding  condition in [3] if we put 

1 a e x p [ _  AU } 
Wo ~ ~ -  kT " (6) 

As indicated by Ya,. I. Frenkel' [3], in addition to ordinary evaporation, which corresponds to the complete 
removal of a surface atom from the crystal, we also have to consider processes of incomplete evaporation. 
One of these  p r o c e s s e s  l ies  in the t rans i t ion  of su r face  a toms  f r o m  the r e g u l a r l y - c o n s t r u c t e d  sur face  l ayer  
to the top of that  l ayer ;  this  co r r e sponds  to the fo rmat ion  of a new o u t e r  l ayer  and the development  of 
vacanc i e s ,  with the subsequent diffusion of these  into the i n t e r io r .  Condition (5) d e s c r i b e s  the balance of 
vacanc i e s  at the c rys t a l  boundary in the absence  of equi l ibr ium; here  v0 is the r a t e  of vacancy  fo rmat ion  
by the sur face  r eac t ion .  

As we shall  l a t e r  be us ing the resu l tan t  equations for  approx imate  calculat ions,  let  us  wr i te  down 
an approx ima te  solution to Eq.  (2) with the boundary condition (5), subject  to the condition at infinity 
c = c o = const ( regarding the diffusion coefficient  as constant):  

where  

c ~ c o -i- A exp {-- rex}, (7) 

dco i 7-'1o 

dx  D v  
A = , (8) 

~dO ' n~ 

D v 

nz = 1/V-=Dv" %. (9) 

Before  studying the resu l tan t  solution we make the following c o m m e n t s .  

F o r  ideal c r y s t a l s  the ra t io  w0/Dv is quite la rge  (order of 1/5 ~ 10 8 cm-1).  We may  t h e r e f o r e  con-  
s ider  w0/D v >> m .  However ,  in sol ids  with m a c r o s c o p i c  c rys t a l  la t t ice  defects  the e x p e r i m e n t a l l y - m e a s u r e d  
va lues  of the diffusion coefficient  a r e  much g r e a t e r  than the values  of the diffusion coefficient  cor responding  
to single c r y s t a l s .  This  is  due to the exis tence  of easy  diffusion paths in rea l  c r y s t a l s  (paths assoc ia ted  
with the development  of a ne twork of boundar ies  between s t ruc tu ra l  e lements ,  m i c r o c r a c k s ,  and po re s ,  
poss ib ly  connected to the outer  su r face  by m i c r o c a p i l l a r i e s  [2, 4] ) .  The coeff icients  of sur face  and bound- 
a r y  diffusion at a t e m p e r a t u r e  c lose  to the mel t ing  point exceed the coefficient  of t h r e e - d i m e n s i o n a l  d i f -  
fus ion in a single c ry s t a l  by four or  five o r d e r s  of magni tude.  

F o r  example ,  let  us  suppose that  m i c r o c a p i l l a r i e s  of radius  r l  pass  out to the outer  su r face .  Let  us 
calcula te  the flow of adsorbed a toms  through unit length of such a cap i l l a ry .  The adsorbed a toms  diffusing 
along the su r face  will be absorbed  by vacanc ies  emerg ing  at the sur face  of the cap i l l a ry .  The flow of 
these  vacanc ies  through unit sur face  a r e a  equa l s  w0c. We shall  now cons ider  that ,  as  for  an infinite cy l in-  
der ,  the numbe r  of adsorbed a toms  absorbed  by'~ solid is in local  equi l ibr ium with the flow of vacanc ies  
f r o m  the solid.  This  means  that the whole of the diffusion flow of adsorbed a toms  through unit length may  
be expres sed  in t e r m s  of the concentra t ion gradient  of the vacanc ies  in the in te r io r  of the solid: 

d 
11 - D1 ~ x  (w~ = D, woZ~ dc (10) 

- d x  ' 

where  r 1 is  the l i fe t ime of an adsorbed  a tom,  D i is the coefficient  of sur face  diffusion. The total su r face  
flow of a d s o r b e d a t o m s t h r o u g h u n i t  sur face  a r e a  of the solid at x = 0 (e is the sur face  porosi ty)  equals 

dc 2rrG e 2Dlwo% dc 
dx  ar~ - -  e - - r  I dx  (11) 

Then the effect ive diffusion coefficient  which is  to be used in the exp re s s ions  just  given t akes  the fo rm 

2 D l W ~  (12) Dv.eff= Dv(1 - -  e) ~ e, 
/'1 
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As a l r eady  noted,  D 1 >> D v.  Hence  the ra t io  w0/Dv.eff  may  be s e v e r a l  o r d e r s  of magnitude s m a l l e r  than 
the co r respond ing  value ~ r  the single c r y s t a l .  In th i s  case  we may  have the inequali ty w0/Dv.ef f  < m .  

However ,  if we take  account  of the finite length of the m i c r o c a p i l l a r i t i e s  emerg ing  on the su r face  of 
the solid, the foregoing local  equi l ibr ium between the diffusing adsorbed  a toms  and vacanc ies  in the in te r io r  
of the solid will not take p lace .  In th is  case ,  s t r i c t ly  speaking,  we should c a r r y  out a s imul taneous  solution 
of the equation for  sur face  diffusion, with the cor responding  boundary condition at x = 0 [5], and the equa-  
tion for  the t h r ee -d imens iona l  diffusion of the vacanc ies .  Then in addition to the effect ive diffusive flow 
o f  a t o m s  through each unit of su r face  a r ea  some of the adsorbed  a toms  will pa s s  d i rec t ly  f r o m  the sur face  
of the cap i l l a ry  to  the su r face  of the solid and t h e r e  en te r  into the r eac t ion .  This  sur face  flow of adsorbed  
a t o m s  is  not a s soc ia ted  with the vacancy  m e c h a n i s m  of diffusion, and it is  difficult to incorpora te  it into 
the boundary condition (5) and cor respondingly  into Eq.  (8). We can only note that  the sur face  flow in 
question will a l so  reduce  the r a t e  of fo rward  mction~of the reac t ion  f ront ,  at the s a m e  t ime  tending to  
loosen  the m a t e r i a l  in te rna l ly .  

Let u s  now turn to the foregoing solution (7)-(9). Let  us  cons ider  two l imit ing ca se s  (subsequently 
we shall  unders tand D v to mean  the effect ive diffusion coefficient:  

I .  w0/Dv >> m .  

Then the re la t ive  super sa tu ra t ion  of the vacanc ies  for  x = 0 is  

c co 1 = , ) ( 1  mOv/ 
Co c o woc ~ "dx wo / (13) 

As a l r eady  indicated,  the a toms  diffusing f r o m  the inside of the solid r ep lace  the vacanc ies  fo rmed  at the 
boundary x = O. In th is  way the fo rward  veloci ty  of the reac t ion  f ront  v is  reduced,  i . e . ,  

dc J dc o v - - v  o = A v  = D  B ~ = o =  Dv dx ~=o 

mDv (v o + D dc~ l 
:*o v dx !~=o1' (14) 

I f  in addition to  th is  v, >> D v dc0/dx (we shall  consider  in future  for  s impl ic i ty  that  the t e m p e r a t u r e  gradients  
in the solid a r e  smal l ) ,  we have 

Ac _ v o ( l mDv ~ (15) 
C 0 ~2oC o ~ ] ~ 3  o ' 

Av mD v 

v o �9 Wo (16) 

W e  

loss  of m a t e r i a l  t akes  p lace  f r o m  the su r face .  
see  f r o m  Eq.  (16) that  in the case  w0/D v >> m the re la t ive  change in veloci ty  Av /v  0 tends to ze ro  and 

n .  w0/Dv << m,  
A__~c = v 0 (1 Wo ) 
co Dvmc ~ Dv m , (17) 

A---Sv- = - -  1 + w-A-~ (18) 
V o Dvm 

It  follows f r o m  (18) that  in the case  w0/Dv<< m the r a t e  of p r o g r e s s  of the reac t ion  f ront  v will tend to ze ro  
and the loss  of m a s s  will take  p l a c e  f r o m  the in te r io r  by v i r tue  of the diffusion of the a toms  composing the 
solid to  the su r f ace .  

Let  u s  now cons ider  the p rob lem of the loosening of the m a t e r i a l ,  i . e . ,  the change taking place  in 
i t s  density with t i m e .  We know [3] that  the mobil i ty  and diffusion coefi icient  of the a toms  r e spec t i ve ly  
equal: 

wa----WoC, D ~ =  Dvc. 

Hence the express ion  for  the densi ty of the diffusive flow of a toms  may  be wri t ten in the fo rm [6] 

]a (x) = n (x) w a (x + 6).-- n (x -~ 6) w~ (x) = - -  Da an nD v dc �9 ~ +  

(19) 

(20) 
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Subst i tut ing (20) into the  equat ion 

On On OL 
- -  - -  7fl 

Ot c)x 8x ' 

we obtain 

On On O~n dec 
- - - -  v - -  = D a -  - nD v 
Ot Ox Ox 2 clx ~ 

U s i n g  (7) we have  (for c a s e  II  in which v -  0) 

~ n  
- - ~  D a - -  - -  

Ot 

~ n  
Ox e 

n (x, t) Dvra=A exp {-- rex}. 

(21) 

(22) 

(23) 

F o r  the boundary  condit ion x = 0 we have 

i . e .  

- - D  O n  ~_nD v dc = nD v dc 
Ox ' c l i f f  dx 

O n  
D~ - O. 

c)x (24) 

F o r  l a r g e  m the s o u r c e  in Eq .  
th is  into the  boundary  condi t ion .  Then  (23) and {24) take  the f o r m  

On c?2n 
Ot ~ Ox 2 

On 
O~ - - -  = nv o. 

Ox 

(23) m a y  be r e p l a c e d  by an equivalent  s u r f a c e  sou rce ,  by  i n c o r p o r a t i n g  

The  solut ion to  the  p r o b l e m  (25)-(26) (n It=0 = 
the  s u r f a c e  x = 0 equals  

(25) 

F o r  shor t  t i m e s  (t << Da/v2o) 

(26) 

no) is  quite well known [7]. In p a r t i c u l a r  the value  of n at  

r  

~ 1  - -  V o 
no " (28) 

At the  s a m e  t i m e  it fo l lows [7] f r o m  the  solut ion to  the p r o b l e m  (23)-(24) f o r  shor t  t i m e s  t << 1 / m y  0 (for 
which we m a y  c o n s i d e r  n(x, t) = n o on the  r i gh t -hand  side of (23)) tha t  

n s 

n o (29) 

C o m p a r i s o n  of  {28) and (29) shows that  f o r  t << 1 / m y  0 the  s ta te  of d i s t r ibu t ion  of  the  s o u r c e  in (23) is  v e r y  
i m p o r t a n t .  

The  equat ion of e n e r g y  fo r  the  sol id  m a y  be wr i t t en  [8]: 

w h e r e  

o 

2 

h = ~ Qh~; h~ = CpT-~ lJ; h 2 := cpT. 

In  c a s e  l] by  us ing  (7) and (27) we obtain 

pc,, Otc?T Oox (~" -~xOT ) ' U p D v m A e x p { - m x } "  ~ -  ~ 

(30) 

(31) 

(32) 
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OT 
g ~- - -  ~ + 9~0L" (34) Ox 

F o r  t = 150 sec  and a 15% m a s s  loss  the value of n s / n  0 ~ 0.5,  was obtained exper imenta l ly  [1]; th is  
was mainta ined for  a f a i r ly  long reac t ion  per iod .  The p r o b l e m  of the loosening of carbon was t h e r e f o r e  
fo rmula ted  in the following way in [1]: 

O n  0 / D On) 
at ax I ~-~x ' 

n = 0  for x ~ 0 ,  t = 0 ,  

n ~  n o for x > 0 ,  l = 0 .  

I f  we calcula te  n s / n  0 f r o m  Eq.  (27) us ing the following values  of the original  data: t = 150 sec,  v 0 = 
= 0.24 �9 10 -3 c m / s e c  (which co r r e sponds  to  a m a s s  Ioss  of 15%), D a ~  1.4 �9 10 -5 cm2/sec  [1], we a lso  obtain 
n s / n  0 ~ 0 .5 .  Owing to the slow fall  in the function (27), the change in n s / n  0 is  only v e r y  slight as  the a r g u -  
ment  i n c r e a s e s  fu r the r  (for t = 300 sec ,  n s / n  0 ~ 0.43) .  We thus obtain quali tat ive a g r e e m e n t  between the 
calculated data for  n s / n  0 and exist ing exper imenta l  r e s u l t s  [1]. In addition to th is ,  a considera t ion of the 
kinet ic  c h a r a c t e r i s t i c s  of the vacanc ies  within the f r a m e w o r k  of t h e  model  he re  proposed  enables  us  to f o r -  
mula te  the boundary p rob l em  c o r r e c t l y  both fo r  the diffusion equation and for  the energy  equation in the 
solid in the p r e s e n c e  of a su r face  r eac t ion .  

c 

V 

AU 
n 

k 
T 

2. 
3. 
4.  

N O T A T I O N  

is the vacancy  concentrat ion;  
is  t h e  energy  of vacancy  format ion;  
i s  the  energy  requi red  for  the mution of the vacancies ;  
i s  the n u m b e r  of pa r t i c l e s  in unit vo lume of the solid; 
i s  the B o l t z m a n n ' s  constant;  
is  the absolute  t e m p e r a t u r e ;  

6 is  the i n t e r a tomic  dis tance;  
r 0 is  the per iod of the v ibra t ions  of the a toms  around the equi l ibr ium posi t ion ; 
T v is  the  s e s s i l e  ! i f e t i m e  of a vacancy;  
a is  the veloci ty  of sound; 
D v is  the vacancy  diffusion coefficient;  
D a is  the a tomic  diffusion coefficient;  
v is  the veloci ty  of the reac t ion  frc~t ;  
p is  the densi ty of the solid; 
Cp is  the specif ic  heat  of the solid; 
h is  the  enthalpy of the  solid; 
L i s  the heat  of the reac t ion;  
g is  the densi ty  of the externa l  t h e r m a l  flux; 

fl 

~I,* (z) = 2/,/-~r ! exp (--y2)dy. 
Z 
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T h e p l u s  sign of the r ight -hand side of (32) is  due to  the recombina t ion  of the excess  vacanc ie s  inside the 
solid,  as  a r e su l t  of Which energy  is  evolved.  

The boundary condition fo r  Eq~ (32) when x = 0 t akes  the f o r m  

g - ~  OT = _ p D  v dc (L--L]) pv o(L-l~)~ (33) 
Ox dx 

As in (23) the source  on the r ight -hand side of (32) may  be rep laced  (for l a rge  m) by an equivalent  sur face  
source  by incorpora t ing  it  into the boundary condition. Then Eq.  (33) t akes  the f o r m  
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